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Equivariant Iwasawa Theory

One could perhaps say that the theory of integral Galois actions has emerged from the
analytic class number formula which relates the algebraic quantity hK and the residue at 1
of the ζ-function of a number field K. However, when studying that residue one is naturally
led to break the ζ-function into summands corresponding to the individual ideal classes, and
therefore a relation hk ↔ res s=1ζK(s) is not such a big surprise. On the other hand, Iwasawa’s
work on the class numbers of the cyclotomic fields Q(ζln) , l an odd prime number, is already
pretty much aimed at revealing new correlations between algebraic quantities and values of
distinguished analytic functions. He replaces the l-class group of Q(ζln) by the Galois group
GHn/Q(ζln) of the l-Hilbert class field Hn of Q(ζln) and then piles up all these fields in order
to arrive at the Galois extension H∞/Q(ζl∞) whose Galois group X∞ naturally appears as a
finitely generated module over the completed group ring ZlΓ = lim←

n

Zl[GQ(ζln )/Q(ζl)]. Note that

Γ = GQ(ζl∞ )/Q(ζl) is a cyclic pro-l group. Rings of type ZlΓ are number 3 in the hierarchy
of pleasant rings, right after PID’s and Dedekind domains. Namely, a torsion module is,
in principle, determined by a power series with integral l-adic coefficients. And the value at
ζln−1 of this power series holds information on the size of the l-class group of Q(ζln), because
X∞/γln − 1 ' GHn/Q(ζln ), where 〈γ〉 = Γ.

The above module X∞ is too special for general purposes; we better replace H∞ by the
maximal abelian l-extension of Q(ζl∞) which is unramified outside l (or allow even more
ramification). Then the corresponding X∞ is no longer a torsion module: it splits into a
torsion module and a free module of rank l−1

2 . In order to always arrive at torsion modules,
we need to restrict ourselves to totally real fields. For example, we look at Q∞/Q rather than
at Q(ζl∞)/Q(ζl), where Q∞ is the fixed field of GQ(ζl)/Q ≤ GQ(ζl∞ )/Q in Q(ζl∞). More generally,
let K/k be a finite Galois extension of totally real number fields with group G = GK/k, and
let M∞ be the maximal abelian l-extension of K∞ = KQ∞ which is unramified outside some
finite set S of primes of k with p ∈ S for all p|l∞. Then X∞ = GM∞/K∞ is a torsion module
for the completed group ring ZlG∞, where G∞ = GK∞/k, and we want to somehow describe
it.

If G is abelian and, moreover, if l - |G|, then G∞ = Γ × H with Γ = GK∞/K and H =
GK∞/k∞ ' G, so ZlG∞ = ZlΓ[H] and ZlG∞ splits into

⊕
χ Zl[χ]Γ with χ running through

the irreducible Ql
c-characters of G = H modulo Galois conjugation. This is because the

primitive idempotents eχ = 1
|H|

∑
h∈H χ(h−1)h are integral due to l - |H|. As a consequence,
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X∞ =
⊕

χ eχX∞ and each summand is a torsion Zl[χ]Γ-module, so in principle determined
by a power series with coefficients in Zl[χ].

The classical Main Conjecture of Iwasawa Theory is that this power series is induced by the
l-adic Artin L-function Ll,S(s, χ).

Recall that

Ll,S(1− n, χ) = L(1− n, χ)
∏

p|l
(1− χ(p)/(Np)1−n)

∏

p∈S,p-l∞
(1− χ(p)/Np1−n) ,

where L(s, χ) is the classical archimedean L-function. The displayed formula defines Ll,S(s, χ)
by interpolation for all s ∈ Zl (s 6= 1, if χ = 1), since the negative integers are dense in Zl.
The point now is that due to work of Pierrette Cassou-Noguès, Barsky and, especially, of
Deligne and Ribet,

Ll,S(1− s, χ) = Gχ,S(us − 1)/Hχ(us − 1)

with a unique power series Gχ,S(T ) ∈ Zl[χ][[T ]] and with Hχ(T ) = T or = 1 according as
χ = 1 or not. Here, u ∈ 1 + lZl comes from the action of a fixed generator γk of Γk = Gk∞/k

on ζl∞ , namely ζγk
l∞ = ζu

l∞ .

For k = Q the Main Conjecture of Iwasawa Theory was proved by Mazur and Wiles (1984)
and for a general totally real field k by Wiles (1990), but still under the assumption that G is
abelian and has order prime to l. The need for getting rid of these assumptions came about
when discussing Chinburg’s Ω3-conjecture on the Galois structure of global units. I do not go
into that today but refer to my and Weiss’ so-called tripod paper and to the paper of Burns
and Greither in Inventiones math. (2003).

Here now is the general situation which we want to study. Fix an odd prime number l. Let
K∞/k be a Galois extension of totally real fields, with Galois group G∞, such that k/Q is
finite and K∞ ⊃ k∞ = kQ∞ with [K∞ : k∞] finite. We denote the Galois group of GK∞/k∞

by H and the cyclic pro-l group Gk∞/k by Γk. Moreover, we fix a finite set of primes of
k containing all p|l∞ and denote by M∞ the maximal abelian l-extension of K∞ which is
unramified outside of S, and set X∞ = GM∞/K∞ . Then X∞ is a finitely generated torsion
module over the completed group ring ZlG∞ and we ask ourselves whether we can describe it
by means of the l-adic Artin L-functions Ll,S(s, χ) attached to the (irreducible) Ql

c-characters
χ of G∞ with open kernel. I’ll come back to the functions Ll,S(s, χ) for non-abelian χ at a
later stage.

Remark. We do not discuss descend properties. Eventually, of course, we need to do this.

The first problem is how to describe a setup which can reveal a connection between these
algebraic and analytic data. The completed group ring ZlG∞ ia a rather strange animal and
we do not have much general information about its finitely generated modules. In particular,
no power series are in sight. But nevertheless, following the classical approaches, i.e., bringing
in Fröhlich’s Hom description and the localization sequence of K-theory, will provide a good
basis.
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Let Q(G∞) denote the total ring of fractions of ZlG∞, i.e., Q(G∞) = { a
c : a, c ∈ ZlG∞ , c

central and regular (no zero divisor)} . The pair ZlG∞,Q(G∞) yields the localization sequence

K1(ZlG∞) → K1(Q(G∞)) ∂→K0T (ZlG∞) → K0(ZlG∞) .

In it, K0T (ZlG∞) is the Grothendieck group of the finitely generated ZlG∞-modules with
finite projective dimension.

Remarks .

1. Finite ZlG∞-modules of finite projective dimension become zero in K0T (ZlG∞) .

2. Assume G∞ = Γ. Then every finitely generated ZlΓ-module M has finite projective
dimension (because ZlΓ is isomorphic to the ring Λ = Zl[[T ]] of power series) and,
moreover, is quasi-isomorphic to a module

Λµ ⊕
⊕

i

Λ/lni ⊕
⊕

j

Λ/f
mj

j , µ, ni, mj ∈ Z≥0

with distinguished polynomials fj (i.e., monic polynomials≡ T d mod l). If M is torsion,
then in K0T (ZlΓ) we have the equality

M = Λ
/

l
∑

i
ni

∏

j

f
mj

j

and l
∑

i
ni

∏
j f

mj

j is the “power series” to M .

Turning back for a second to the classical case “G∞ is abelian and l - H”, so G∞ = Γ ×H

and therefore ZlG∞ = ZlΓ[H] =
⊕

χ Zl[χ]Γ , we deduce from Zl[χ]Γ ' Zl[χ][[T ]] , γ − 1 7→
T , that every ZlG∞-module has finite projective dimension. This permits us to regard
X∞ in K0T (ZlG∞). On the other hand, in the abelian case the reduced norm induces an
isomorphism

K1(Q(G∞)) = K1(Quot(ZlΓ)[H]) ' Q(G∞)× = (Quot(ZlΓ)[H])× =
⊕
χ

(Quot(Zl[χ]Γ)× .

And in Q(G∞)× we define the Stickelberger type element

ΘS =
∑
χ

Gχ,S(γ − 1)eχ ,

where γ ∈ Γ is a preimage of our chosen generator γk of Γk (and with, as before, eχ =
1
|H|

∑
h χ(h−1)h).

It is now not hard to check that ∂(ΘS) = X∞ ; in fact, this is precisely the classical Main
Conjecture of Iwasawa Theory as verified by Wiles.

If we do not require that l - |H|, then X∞ has no longer finite projective dimension. If we do
not require that G∞ is abelian, we most likely lose the isomorphism K1(Q(G∞)) ' Q(G∞)×.
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In fact, it seems almost impossible that the reduced norm is still surjective. However, there
is a conjecture of Suslin due to which the reduced norm of a central simple algebra A over a
field of cohomological dimension ≤ 3 is still injective (i.e., SK1(A) = 1). Now, Q(G∞) is a
semi-simple algebra (I will come back to this) with centre fields of finite dimension over fields
Quot(ZlΓ) of Iwasawa type, which by Kato have cohomological dimension 3.

In any case, in order to proceed we need to find a suitable shadow fS of X∞ in K0T (ZlG∞)
and a possibility to name an element ΘS in K1(Q(G∞)) that depends on the l-adic Artin
L-functions Ll,S(s, χ) and is taken to fS by ∂.

This seems to be a good place to remark that everything said in this talk is taken from joint
work with A. Weiss.

1 . fS

To define fs we start out from the short exact sequence of Galois groups X∞ ½ GM∞/k ³
G∞ . By means of the translation functor we obtain from it the short exact sequence of
finitely generated ZlG∞-modules

X∞ ½ Y∞ ³ ∆G∞ ,

namely by first passing to the completed group rings ZlGM∞/k ³ ZlG∞, then restricting
to the augmentation ideals, ∆(GM∞/k, X∞) ½ ∆GM∞/k ³ ∆G∞ , and finally modding out
∆(G∞/k, X∞)∆GM∞/k .

The basic fact now is that Y∞ has projective dimension 1 if S contains all p|l∞ and all p

whose ramification index (in K∞) is divisible by l. The result follows from the Šafarevič-Weil
theorem by which the extension class of a Galois group sequence GM/K ½ GM/k ³ GK/k ,
with M the maximal abelian S-ramified l-extension of a finite Galois extension K of k is
induced by the fundamental class in H2(GK/k, CK), where CK is the idèle class group of K.
The transition to the infinite level K∞/k is essentially due to Nguyen Quang Do.

We pick an endomorphism ψ : ZlG∞ → ZlG∞ which factors through ∆G∞ and yields an
automorphism of Q(G∞) (e.g., 1 7→ γ− 1 with γ a preimage in G∞ of γk), and lift ψ to Ψ as
shown in the diagram

ZlG∞ = ZlG∞
Ψ↓̌ ·ψ(1) ↓̌

X∞ ½ Y∞ ³ ∆G∞
‖ ↓̌ ↓̌

X∞ ½ cokerΨ ³ coker (·ψ(1)) ,

and then define
f̃s = [cokerΨ]− ∂[Q(G∞), ψ] in K0T (ZlG∞) .
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Note that [Q(G∞), ψ] ∈ K1(Q(G∞)) since ψ becomes an automorphism of Q(G∞); for the
same reason coker (·ψ(1)) – and thus also cokerΨ – is torsion. By the middle column, cokerΨ
has finite projective dimension.

One proves that f̃S is independent of all choices.

Remark. (for the experts) f̃S is a slight variant of the fS in our tripod paper. It has
the advantage to only depend on S, not on a choice of γk, and that its ∂-counterpart in
K1(Q(G∞)) gets related to the l-adic Artin L-functions Ll,S(s, χ) rather than to the Gχ,S-
functions. Its disadvantage is that it does not belong to K0R(ZlG∞) and so may have no
descend property (even if Leopoldt’s conjecture applies to our situation).

2 . The ”main conjecture“

We need to study K1(Q(G∞)) in the non-abelian case. Let me repeat that in the abelian
case we always define

ΘS =
∑
χ

Gχ,S(γ − 1)eχ ∈ Q(G∞)× = K1(Q(G∞))

and then show ∂(ΘS) = fS (see our manuscripta mathematica paper).

Remark 1. As has been said already, when l - |H| this is just a repetition of the classical
Main Conjecture of Iwasawa Theory.

Remark 2. In the above paper we have assumed that the algebraic µ-invariant, µalg, of
Iwasawa theory vanishes (which is true in the absolutely abelian case by Ferrero and Wash-
ington). However, by a very recent result of Barsky the analytic µ-invariant, µan, vanishes for
all totally real extensions K/k, and we know that µalg = µan. Thus the extra assumption is
superfluous. (Roughly speaking: µalg measures the l-torsion of X∞; µan measures the l-power
in the G-function.)

Let now χ run through the characters of Ql
c-representations of (the non-abelian) G∞ with

open kernel. If χ is irreducible and realized by the Ql
c-vector space Vχ, we have a natural

map
K1(Q(G∞)) → K1(Qc(Γk)) → Qc(Γk)× :

[P, α] 7→ [HomQl
c[H](Vχ,Ql

c ⊗Ql
P ), α] det7→

Det[P, α](χ) = detQc(Γk)([HomQl
c[H](Vχ,Ql

c ⊗Ql
P ), α])

where P is a projective Q(G∞)-module and α a Q(G∞)-automorphism of P . The notation
is this: Qc means Ql

c ⊗Ql
Q.

A detailed study of the algebra Q(G∞) now gives the theorem below. In it, Rl(G∞) denotes
the ring of all Ql

c-characters od G∞ with open kernel, and an irreducible character ρ is said
to be of type W if it is trivial on H; ρ] is then the automorphism of Qc(Γk) induced by
ρ](γk) = ρ(γk)γk .
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1. Qc(G∞) is a semi-simple artinian ring. The Wedderburn components correspond to the
type W-twist classes of irreducible characters χ. The centre field to χ in F ⊗Ql

Q(G∞),
with Vχ realized over some finite extension F/Ql, is, up to isomorphism, a field F ⊗Ql

Q(Γχ) for some subgroup Γχ of Γk of finite index.

2. Let Hom∗(Rl(G∞),Qc(Γk)×) be the group of all homomorphisms f : Rl(G∞) → Qc(Γk)×

satisfying
{

f(χ⊗ ρ) = ρ](f(χ)) for characters ρ of type W
f(χσ) = f(χ)σ for all Galois automorphisms σ ∈ GQl

c/Ql
.

Then x 7→ [ χ 7→ Det(x)(χ) ] defines the vertical homomorphism in the diagram

f̃S

∈

K1(ZlG∞) → K1(Q(G∞)) ∂−→ K0T (ZlG∞)
Det↓

Hom∗(Rl(G∞),Qc(Γk)×)

∈

Lk .

Det(x)(χ) can be gathered explicitly from the reduced norm of x ∈ K1(Q(G∞)). In
particular, Det is injective, respectively surjective, if, and only if, the reduced norm
nr : K1(Q(G∞)) → cent(Q(G∞))× is so.

We next employ Greenberg’s work on the l-adic Artin L-functions Ll,S(s, χ) for non-abelian
characters χ. They are defined by means of Brauer induction, and, in the same way, the
power series Gχ,S(T ) and Hχ(T ) are obtained. Note that due to the so-called strong l-adic
Artin conjecture, Gχ,S(T ) is, as before, in Zl[χ][[T ]] for irreducible χ (actually, Greenberg
reduces this, up to a denominator only, to the classical Main Conjecture of Iwasawa Theory).
We now set

Lk(χ) =
Gχ,S(γk − 1)
Hχ(γk − 1)

.

This function does not depend on a choice of γk and belongs to Hom∗(Rl(G∞),Qc(Γk)×) .

We have finally reached the stage to state the

Conjecture . There is a unique element Θ̃S ∈ K1(Q(G∞)) with Det(Θ̃S) = Lk. Moreover,
∂(Θ̃S) = f̃S .

Of course, the uniqueness statement is nothing but the conjecture that SK1(Q(G∞)) = 1.

The present state of art regarding the Conjecture is

1. It is okay for abelian G∞.

2. There exists an element x ∈ K1(Q(G∞)) so ∂(x) = f̃S.
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3. (Detx)L−1
k is unit valued. This means that the Conjecture holds in what one would

refer to as the maximal order case. Indeed, if Lk is a Det, say Lk = Det y, then x = y ·Υ
with nr(Υ) ∈ z×, where z is the integral closure of cent(ZlG∞) in cent(Q(G∞)), so Υ is
“almost” in K1(ZlG∞). Note that Υ ∈ K1(ZlG∞) would imply f̃S = ∂(x) = ∂(y), so
y = Θ̃S , up to uniqueness.

The proof is in our latest preprint.

4. (Detx)L−1
k ∈ Det (K1(ZlG∞)) if Lk ∈ Det(K1((ZlG∞)

ˆ
)) for certain completions of

ZlG∞.

This comes from work in progress.
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